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KAHLER-RICCI SOLITONS 
-^-. ON HOMOGENEOUS TORIC BUNDLES (I) 
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&^' Abstract. This is the first of a sequence of two papers. Here, a simple alge- 

■^^ ' braic characterization of the Fano manifolds in the class of homogeneous toric 

bundles over a flag manifold G /P is provided in terms of symplectic data. 
\I , The result of this paper is used in the second paper, where it is proved that an 

homogeneous toric bundle over a fiag manifold admits a Kahler-Ricci solitonic 
-. ^ metric if and only if it is Fano. 

Q 
■3 

d • 1. Introduction 

This is the first of a sequence of two papers, where we focus on a particular class 
of homogeneous bundles M, namely on bundles having a compact toric Kahler 
manifold F as fiber and a generalized flag manifold G^/P = G/K as basis, where 
G is a compact semisimple Lie group, G its complexification and P a suitable 
f~^ . parabolic subgroup of G . More precisely, we consider a surjective homomorphism 

'sj" ' T : P ^ (T™)*', where T™ is an m-dimensional torus acting effectively on the toric 

^D i Kahler manifold F, dime F — m, hy holomorphic isometrics; We then define M to 

^y I be the compact complex manifold M = G^ Xp,T F. Any manifold of this kind is 

a toric bundle over G^/P (see ^2]) with holomorphic projection tt : M -^ G^/P 
and it is almost G'^'-homogeneous (see !H1) with G-cohomogeneity equal to m. We 
C^ . will call any such manifold a homogeneous toric bundle. 

The homogeneous toric bundles appear to be direct generalizations of the CP - 
bundles over flag manifolds studied in Ell CIl El H d ■ These CP^ -bundles are 
known to be Kahler-Einstein if and only if they are Fano and their Futaki functional 
vanishes identically f |ll)[ll3p : Moreover they always admit a Kahler metric which 
is a Kahler-Ricci soliton, provided the first Chern class is positive (see P IT^IT^ ). 
We also mention that for toric bundles a uniqueness result for extremal metrics in 
a given Kahler class is proved in |Zj. 

Aiming at investigating the existence of Kahler-Einstein metrics and, more gen- 
erally, of Kahler-Ricci solitons in the class of almost homogeneous toric bundles, 
in this paper we are interested in finding simple conditions on G /P, F and the 
homomorphism t which guarantee that the above defined manifold M has positive 
first Chern class. In the next part (^S])) we will use such characterization of Fano 
homogenous toric bundles over fiag manifolds to show that any such bundle admits 
a Ricci-Kahler solitonic metric. As a consequence, in that paper we obtain the 
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following generalization of Koiso and Sakane's theorem: A homogeneous toric bun- 
dle over a flag manifold is Kdhler- Einstein if and only if it is Fano and its Futaki 
functional vanishes identically. 

In order to state our characterization of homogeneous toric bundles with positive 
first Chern class, we first need to fix some notations. 

Let J be the G^'-invariant complex structure on the flag manifold G^/P = G/K 
and let C be the corresponding positive Weyl chamber in the Lie algebra ^(t) of the 
center Z{K) of K (see e.g. §2, for the definition). We will also use the symbol C^ 
to denote the chamber in 3(6)*, which is the image of C by means of the dualizing 
map X 1-^ —B{X, ■), where B is the Cartan Killing form on the Lie algebra g of G. 

It is well known that G / P admits a unique G-invariant Kahler-Einstein metric 
g with Einstein constant c = 1 (see e.g. |IJ): We set /i : G^/P — > g* to be the 
moment map relative to the Kahler form ui = ^g{J-, •)■ 

If F is supposed to be Fano, the Calabi-Yau theorem implies that for any T™- 
invariant Kahler form p G ci (F) , there exists a unique Kahler form LUp in ci (F) such 
that p is the Ricci form oiujp. In particular, also tOp is T^-invariant. Moreover, since 
bi (F) — there exists a moment map p,p : F ^^ i* relative to p, uniquely determined 
up to a constant. We will say that p,p is metrically normalized if Jp /^p^JT = 0. In 
§4, we will show that the convex polytope A^? — fip{F), which is the image of a 
metrically normalized moment map fip, is actually independent of p and it can be 
explicitly determined just using the T™ action. 

Finally, for any given homomorphism r : P — > (T™) , we set p^ = (''■|j({))* o pp. 
Notice that the map pZ, is a moment map for the action of Z{K)° on F induced by 
T, and its image is the convex polytope At-^f — {t\^(^c^)*{Af) C 3(6)*. Our main 
result can be now stated as follows. 

Theorem 1.1. Let F be a toric Kdhler manifold of dimension m. Then, for any 
homomorphism t : P ~* (T™) , the manifold M = G "Xp.r F has positive first 
Chern class if and only if F is Fano and 

p{eP) + Ar,FCC'' . (I.I) 

Later we will also show that there is a simple algorithm to determine Ap and 
that (1.1) can be reformulated in a finite number of algebraic conditions, which are 
suited for computations (sec §6). 

We mention here that the proof of our main result originates from an idea for 
computing the first Chern class, which goes back to [21] and |S]. 

1.1. Notations. For any Lie group G, we will denote its Lie algebra by the corre- 
sponding gothic letter g; Given a Lie homomorphism r : G — > G', we will always 
use the same letter to represent the induced Lie algebra homomorphism t : g —^ q' . 
If G acts on a manifold M, for any X e g, we will use the symbol X to indicate the 
induced vector field on M; We recall here that [X, Y] = —[X, Y] for every X,Y ^ q. 
We denote by Mj-^g the set of G-principal points in M. 

The Cartan Killing form of a semisimple Lie algebra g will be always denoted by 
B and, for any X G g, we set X^ = —B{X, •) S g*; Given a root system R w.r.t to 
a fixed maximal torus, we will denote by Ea € g the root vector corresponding to 
the root a in the Chevalley normalization and by Ha — [Ea, -E-q] the B-dual of a. 
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2. Preliminaries 

Throughout the following we will denote by G a connected compact, semisimple 
Lie group and by F = G/K a generalized flag manifold associated to G. If we 
fix a G-invariant complex structure Jv on.V ^ then the complexified group G acts 
holomorphically on V ^ which can be then represented as G^ jP for some suitable 
parabolic subgroup P . 

We recall that the Lie algebra g of G admits an Ad(A')-invariant decomposition 
g = 6 ® m and that, for any fixed CSA () C £^ of g"', the corresponding root system 
R admits a corresponding decomposition R = Ro + Rm, so that Ea G £"' if a G -Ro 
and Ea £ m^ if a G Rm] Furthermore, Jy induces a splitting R^ = R^ U R^ into 
two disjoint subset of positive and negative roots, so that the Jy-holomorphic and 
Jy-antiholomorphic subspaces of m are given by 



^(1,0) V- 



CEa, m^°'^^ = J2 ^^" ■ (2.1) 



The Lie algebra p of the parabolic subgroup P is p = t^ + m^"'^^. It is also well- 
known that G is an algebraic group and P an algebraic subgroup. 

Finally, we recall that for any G-invariant Kahler form lu oi V there exists a 

uniquely associated element Z^ G 3(t) so that iLj{X, Y) = B{Z^, [X, Y]) for any 

eK 

X,Y G Q. Notice that, by (2.1) and the positivity of cj, the element Z^^ has to 
belong to the positive Weil chamber 

C^{W £ 3(«) : ia{W) > , for any a e R+ } . 

Moreover, a straightforward check shows that the moment map fiuj '■ V —^ q* 
relative to uj is given by fiuj{gK) ~ (Ad^ Z^^y for any gK G V. We recall also that 
the G-invariant Kahler-Einstein form tuv on V with Einstein constant c = 1, is 
determined by the associated element (see e.g. ^[3] - be aware that in this paper, 
we adopt the definition of Ricci form p used e.g. in 6 , which differs from the one 
in P and jSj by the factor j^) 

Zv = -^ J2 *^" ■ (2-2) 

We will now focus on those flag manifolds G^/P = G/K for which there exists 
a surjective homomorphism t : P ^ (T™)"'. Using the structure of parabolic 
subgroups and the fact that (T™)"^ is abelian, we see that r is completely determined 
by its restriction to K; Moreover t\k takes value in T™ and hence it is fully 
determined by its restriction to the connected component Z°[K) of the center of 
the isotropy K. We can therefore consider the algebraic manifold 

M=^G^ Xp^rF = GXK,rF , 

where P (or K) acts on F by means of t. 

The manifold M is a fiber bundle over the flag manifold G/K with holomorphic 
projection tt; Moreover G acts almost homogeneously, i.e. with an open and dense 
orbit in M, while G acts by cohomogeneity m with principal isotropy type (L), 
where L = ker t HG C K. 
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We prove now the following Lemma, which will be useful and often tacitly used 
in the sequel. 

Lemma 2.1. If J denotes the complex structure of M , then 

Jvhp — trip 
for every p E 7r~^{[eK]). 

Proof We know that m(°'i) C p and t'^U(o,i) = 0, so that m^^'^^lp = 0. The 
vectors Ea — E^a and i{Ea + E^a), ct E i?+, span m over the reals and 

J((£'a - -B_„)|p) = J{Ea\p) = iEc,\p = i{Eo, + £'-a)|p E xhp . 

Similarly, J{i{Ea + -&_„)) G rhp. ■ 

In the sequel {Zi, . . . , Z„i) will denote a fixed S-orthonormal basis of (kerr)^ n 
3(6). 



3. The algebraic representatives 

We recall that, if -0 is a G-invariant 2-form on M, for any p E M there ex- 
ists a unique adg^ -invariant element F^^p E Hom(g,g) such that S(F^^p(X),F) = 
ipp{X,Y) for any X,Y E g. Moreover, if ip is closed, it turns out that F^^p is a 
derivation of g and hence of the form ad^^ for some element Z^ belonging to the 
centralizer in g of the isotropy subalgebra g^ (see e.g. 11311141117) 'I . 

So, in the following, for any G-invariant, closed 2-form tp, we will denote by Z^ 
the G-equivariant map Z^, : AI ~^ q defined by 

^p{X,Y)=B{[Z^\p,X],Y)^BiZ4p,[X,Y]) foranyX,reg (3.1) 

and it will be called algebraic representative of ip. 

Notice that, in case ip is non-degenerate, the moment map /i^ : M — > g* relative 
to i/j coincides with the (— S)-dual map of the algebraic representative, i.e. /i^ = ZX- 
In fact, by the closure and G-invariance of ip, we have that for any vector field W 
on M and any X,Y E g 

= d^j{W, X, Y) ^ W{i^{X, Y)) + ij{W, [Y, X]) = 

= Wii^iX, Y)) + i;iW, [X^]) = B{W{Z^), [X,Y]) -f ^{W, \X^]) . (3.2) 

Since g = [g,g], it follows that d{Z'^)(W){X) = -0(1^, X), which implies the claim. 

By G-equi variance, notice that any algebraic representative Z^ is uniquely deter- 
mined by its restriction on the fiber F = TT^^{eK) C M. Such restriction satisfies 
the following. 

Lemma 3.1. Let tp he a G-invariant, J -invariant, closed 2-form on AI . 

(a) // the restriction iplp satisfies 'il'{Zj,'m) = for I < j < m, then Ztp\p is 
of the form Z^\f = X]fc=i fi^i + -^i" where I^ E i — Lze(kerT n G) and 



fi'.F-^M. are smooth functions. Moreover 'ipp{JZj, Zi) = JZj{fi) for 

p 
any p E F and 1 < i,j < m and I^ is constant; in particular, -0 can he 

completely recovered by its algebraic representative Z^ (and hence by its 

associated moment map, if tp is non-degenerate) ; 
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(b) "0 is cohomologous to if and only if Z^\f = —"^^ JZi{(j))Zi for some 
K -invariant smooth function (j) : F ^ M. and, if this occurs, then ip ~ dd'^cj). 

Proof (a) Since 6=1 + spanjZi, . . . , Zm}, [i, m] = m and l\p — 0, we have that 
on F 

^ ^{Im) ^ B{Z^,[t,m]) = B{Z^,m) ; 
hence Z^\f takes values in 6 and has the claimed form. From (3.2) we have that 
for any X,Y G g and any p £ F, 

4'piJZ,, [Xy]) = -■B I X] JZdf,)\pZj + JZ,il4,)\p, [X, Y] j . (3.3) 

On the other hand, 

V'p(Ji.,[x3l) = -5]e([x,y],z,)^p(ji„z,) -^p(i„ j[x;nn) , (3.4) 

where we denote by (•)m the ,B-orthogonal projection onto m. Since rfip is J-invariant 
and i/'jj-orthogonal to span{Zi|p}, the second term of (3.4) vanishes and, from (3.3), 
we obtain 

m / m 

Y,B(ijp{jz,,Zj)z,,[x,Y]) =6 K]ji,(/j)|p^j + Ji»(/^)|p,[x,r] 

Since [g, g] =0, we have that 

^{JZ,, Zj) = JZdfj) , JHh) = . (3.5) 

This together with the fact that Zi{I^) ~ 0, which is due to G-equi variance, implies 
that I^ is constant on F and the first claim follows. Furthermore, formula (3.3) 
implies that if the map Z^\p = X]i=i fi^i + lip '■ F ^ 3(6) is known, it is possible 
to evaluate i^piX, Y) for any X,Y G g^ and p E F; then, from almost homogeneity 
also the last claim of (a) follows. 

(b) Notice that in case tp is cohomologous to 0, then it is of the form tp — dd'^cp for 
some G-invariant real valued function <p. Then, for any X ,Y E m, on F we have 
that 

dd^0(X, Y) = -X{JY{(P)) + Y{JX{(P)) + J[X, Y]{^) = 

m 

= Jix^M = -Y,B{z,, [x,y])ji,(0) . 

4=1 

It follows immediately that Z^\p — —^^^^JZi{<p)Zi. Conversely, if Z^\p = 
~YlT=i JZi{<j))Zi for some X-invariant function (p £ C°°{F), then by (a) and the 
above remarks, ip = dd'^cp, where we consider (p as G-invariantly extended to M. M 

We want now to determine the algebraic representative of the Ricci form p of a 
given G-invariant Kahlcr form uj. In what follows, we denote by (F^, Ga)^^ji+ the 
basis for m given by the vectors 

1 i 

Fa — —^ {Ea — -E-q) , Ga — —f= (Fa + -B-a) 

with a G i?+. Notice that, by definition of i?^*,, JyFa = Ga and JyGa = —Fa 
and that the complex structure J of M induces on m the same complex structure 
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induced by Jy (see proof of Lemma |OJ. We order the roots in i?+ so to call them 
ai, a2, etc., and we denote by i^;, 1 < i < to + |i?+| the elements of 6 defined by 
Fi — Zi ii 1 < i < m and Fi = Fai_^ if tti + 1 < i. Notice that, at any point 
p & F Ci Afi-eg the vector fields {Fj,JFj} are linearly independent and span the 
whole TpM. Finally, for any given Kahler form w, let us also denote by ft. : Af -^ K 
the function 

%) = u;"(A, ^A, A, JF2, ...%. (3.6) 

We claim that, at any point p E F, X(h)\p = for any X E g. In fact, using 
C-^Lu = and C-^J = 0, we have 

x{h)\p = -u'^iiXKl jKK JF2,...)- o."(A, j[XKiF2, JF2, ...)- 

-Lu'\Fi,JFi,[XKhJF2,...)-... . 
On the other hand, for any i, 

[X, Fi\Gl + spanjFj, j ^i} + span{ Jyi^j, j > m + 1 } . 

and this implies that 

a;"(A, . . . , JFj_i, [Cf}], JFj,...)^ u'^iF,, . . . , JF,^,,F„ J[XFj],. . . ) = 
and hence the claim. We may now prove the following. 

Proposition 3.2. The restriction to F-^^g — FClM-^cg of the algebraic representative 
Zp of the Ricci form p of a Kahler form uj is 

Z,^±ii^^Z..Z., (3.7) 

2=1 

where h is the function (3.6) and Zy E 3(6) is the element defined in (2.2). Fur- 
thermore, if Zu) — 'Y^^ fiZi + Iuj is the restriction to F of the algebraic representative 
of UJ, then the function h is 

m 

h^K -dot (/.,,,) • H (^ aU^ + bo.) , (3.8) 

where fi_j = JZj{fi), a^ = a{iZi), ha = a(il^) and K is a real constant. 

Proof. We first show that p\p{Zj,m) — 0. By Koszul formula (see e.g. P, p. 89 - 
be aware of the difference recalled in §2 between the definitions of p adopted in ^ 
and in this paper) 

^ , 1 C rj^co^iFi,JFi,F2,JF2,...) 

Pp{X, Y) = -^^I^n_^ ^-^ ^ (3.9) 

47r c."(Fi,JFi,i^2,JF2,...) 

for every p E F^-gg and X,Y E g. On the other hand, we claim that for any W E m, 

Cj^cu'^If^O. (3.10) 

In fact, 

S([VF,F„,],G,J = BiW, [^a,,G„,]) = BiW,iHo.,) = . 
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So, for any Fj with j > m + 1, [PV, Fj] has trivial component along JFj and 
J ( [W, Fj] ] has trivial component along Fj. This implies that 

a;"(Fi, . . . , J[W, Fj], . . . ) = ^"(A, ■ • ■ , J[W, JF,], . . . ) = . 

Moreover, when 1 < i < to, we have that [VF,Fi] — [W, Zi] e m and hence also in 
this case 

w"(j[vF, A], JF1.F2, . . . ) = cc;"(A, J[VK, jA], A, ...) = ••• = . 

These facts imply that 

£j^uj''{Fi,JFi,F2, JA, . . . ) = ^W^(/i) • 

Using Jrhp — rhp and the fact that X{h)p = for any X G g, we get (3.10). 

Now, the fact that p\F{Zj,m) — follows immediately from (3.9), (3.10) and 
from [t, m] C m. 

By Lemma l3.ir a') and (3.9), in order to determine Zp, it suffices to compute for 

P e Frcg 



.. — . 1 £ ,,^jr~ri>]^"{Fi,JFi,F2,JF2 

Pp{X,JX)^Pp{X,JX)- '^''■''''^ 



47r c^»(Fi,JFi,F2,JF2,...) 



(3.11) 



Now, given X e m, we put Y — [X, JX] and we write Y = Ym + J27Li Yi^i + Yi, 
where subscripts indicate ;B-orthogonal projections onto the corresponding sub- 
spaces. Using (3.10) and 1|_f — 0, (3.11) reduces to 

m 

Pp(x,jx) = -— -^r, (jz,(/i)) + — -c^"(j[f(,A],JA,A,....)+ 



1=1 

+^^"(A,J[f(, A], A,. ...) + ... . (3.12) 

Now, recall that [i, Fi] = for all 1 < i < m and that, for any 1 < j and any 
-ff e [) n g, where f) is the fixed CSA, 

At the same time, for any W £ span^{Ei3, 13 e R} Ci g, the bracket [M^, F^J is 
always orthogonal to span]g{FQ . , Ga } ■ Therefore [W, Fa-]\p has trivial component 
along the vector Ga-\p — JFa-\p and J[W,Fq.]|p has trivial component along the 
vector A ■ It follows that 

^c^"(j[f(. A], jA, A, ....) + ^'^"(A, J[Y,, jA], A, ....) + • • • = 

= ^7~~l'^"^(-^'^' ■ ■ ■ ' JFm, [Yf), F„i+i], JFm+l, Fm+2, ■ ■ ■) — 
— -. — r^"(Fi, . . . , JFm, Fm+1, J\Yh, Fm+l], Fm+2, ■■■■) — ■ ■ ■ = 

Ann 

^-^ E Myi,)^BiZv,[X,JX]) . 

So, (3.12) reduces to pp{X,JX) = S (^"1 "^M^^^ + ^v', [AT, JX]) and (3.7) 
follows. 
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To check (3.8), it suffices to observe that for any j > 1, 

i 

= BiY, Mp)Z^ + I^,iHa, ) = Y. f^^PXo + ^". 

i i 

and that h{p) = cj;"(Fi, JA, ■ • ■ , i^m, Ji^m) • nm+i<j ^p(A> JFj)- Then the con- 
ciusion foliows from Lemma l3. II fa'l.B 



4. Canonical polytope of a Fano toric manifold 



In the following, let F be Fano and, as considered in the Introduction, for any 
T™-invariant Kahler form p £ ci(_F), let us denote by cUp the unique Kahler form 
in ci{F) which has p as Ricci form. In particular, also cUp is r™-invariant. Since 
bi{F) — 0, there is a moment map fip : F ^ i* which is uniquely determined up to 
a constant. We say that pp is metrically normalized if JpPpOj^ — 0. 

We now want to show that the convex polytope Af,p C t*, which is image of 
F under the metrically normalized moment map pp, is actually independent of the 
choice of p and it is canonically associated with F. For any Kahler form uj on F, 
we may construct the map Si^ : F —^ t* defined by 

SMW)='^diyp{JW), W&i, p&F, (4.1) 

where the divergence is defined by £x^" — div(X)aj". Notice that the map (4.1) is 
well defined even when F is not Fano. Moreover, by standard facts on divergences, 
we have that for any point p € Fix{T"^) C F and Z G i 

S^lpiZ) ^ j-Tr{J o Az\p) , (4.2) 

where the Az\p is the linear map Az\p : TpF -^ TpF defined by 

d 



Az\p{v)^-[^i{v)) 



veTpF , (4.3) 



t=o 



where $f is the flow generated by Z. In particular 6ui{Fix{T"^)) does not depend 
on UJ and it is uniquely determined just by the holomorphic action of T™ on F. In 
the following, we will call the convex hull Ap C t* of the points of S^{Fix{T^")) 
the canonical polytope of {F, T™). 

Let us now go back to a T^-invariant Kahler form p G ci (F) and to the Kahler 
form Wp, which has p as Ricci form. If we denote by g^ a the components of the 
Kahler metric g = u}p{-, J-) in a system of holomorphic coordinates, then the Ricci 
form p of ujp is equal to 

1 



p = -—dd^logidetig^^p)) 
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and at any T™-regular point we have det(.g^ a) = f ■ hp, where / is the squared 
norm of a holoniorphic function and hp — w'"(Zi, JZi, . . . , Z„j, JZm)- Using the 
fact that C^uj"' ~ 0, we see that 

p{Z,, JZk) = -^JZk I :^^^ J = -^JZk (div(JZ,)) . (4.4) 

From (4.4) and Stokes theorem, one may check that the map (4.1) with oj = ujp 
coincides with the metrically normalized moment map ^p relative to p. From the 

previous remarks it follows immediately that Af,p = fJ-p{F) coincides with the 
canonical polytope Ap of F and hence it is independent of the chosen Kahler form 
peci(F). 

Remark 4.1. Notice that when w is a T™-invariant Kahler-Einstein form with 
Ricci form p = uj, the metrically normalized moment map fip satisfies 



/ PpP"^ = / PpLO^- = 
J F J F 



IF JF 

so that the barycenter of Af is the origin. This obstruction to the existence of 
Kahler-Einstein metrics is known to be equivalent to the vanishing of the Futaki 
invariant (sec 12, 6 ). To the best of our knowledge, our characterization of Ap hi 
terms of the T™-action is new. 



5. Proof of the main theorem 

Let us fix a G-invariant Kahler form lo on G/ K and let Z^^ E 3(6) be its associated 
element. Pick also a T'^-invariant 2-form p S ci{F) and let ujp be the unique T"- 
invariant Kahler form in a fixed Kahler class, which has p as Ricci form. Denote 
also by p^j a fixed moment map relative to cop. 

We now fix the fiber 7r^^(eP) = F and define a 2-form uj on TM\p as follows: 
for pe F, X,Y e TpF and A, B e m 

Cop{X,Y)^Up\p[X,Y)- Cjp[X,A) = Q- Cjp{A,B) = -p^^{p){t{[A,B],)) , 

(5.1) 
where for every U E q we denote by C/{ the component along t w.r.t. the decompo- 
sition = t © m. 

We now extend a) to a global G-invariant 2-form, still denoted by Cj. We can eas- 
ily check that Cj is J-invariant, using the fact that for any A,B £ m we have 
[^, i3]^({) — [JvA^JvB]^(^iy We claim that Cj is also closed. It is enough to 
check that dCjp{A,X,Y) = dCjp{A,i3,Y) — for any p E F, since the condition 
dCJp{A, B,C) = for A,B,CEm follows immediately from the Jacobi identities in 
0. Since for any pair of vector fields Vi, V2, 

= C^C;{VuV2) = d (i^C;) (14, ^2) + dC;iA, ^1,^2) , 

we are reduced to check that d(^i^Cj) {X,Y)\ — and d(i^Cj) {B,Y) = for 
every X,Y E TpF. Now, if we extend X, Y as arbitrary vector fields on F, we have 
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onF 



d{t^Cj){X,Y)\^ XCj{A,Y) ^YCj{A,X) - Co{A,[X,Y]) 



= 



by definition of uj along F. On the other hand 

d{i^Co){B,Y) = i3^{A,Y) -Yu{A,B) - ^{A,[B,Y]) 
p p p 

^Cu{[B,A],Y) -YCj{A,B) ^Cj{[B,A],Y) + dfi^^{Y){T{[A,B],))\^ 



= Co{[B,A],Y) 



,{Y,[A,B],) =Cj{[A,B],,Y) -Cj{[A,B],,Y) 



= 



Now, for any sufficiently small e G M+, we may consider the G- invariant closed 
two- form We on M given by 

u>g — Tr*uj + e oj , (5-2) 

By Lemma f3. II and (5.1), the restriction to F of the algebraic representative of oj^ 
is 



Zu,, = e 2J •^' ■^^ + ^" ' where 



ft = fiuj,ir{Zi)) 



(5.3) 



Using Proposition 13. 21 we get that the restriction to F^-cg of the algebraic represen- 
tative of the Ricci form p^ of Wg is given by 



where 



Zp, = ^ (^j + V'ie) Zi + Zv 

dct JZi{det{fa,b)) , dcf e 



and 



A 



dof 



47rdct(/a,b) 



JZjifi) ^ ujp{JZj,Zi) 



fpz. 



Att 



E 



'^Q Jj,i 



a£R, 



e a'a fj 



dcf 



a{iZj) 



ba — a{iZv) 



(5.4) 



(5.5) 



(5.6) 



dct 



We now notice that the map Z^Jp — X^I^i^'je^i defines a smooth closed G- 
invariant 2-form ip^ on the regular part of M by means of (3.1) and (3.5); we claim 
that ip^ extends to a smooth global 2-form on M, which is cohomologous to 0. In 
fact, Z^Jf can be written as 

Z^^ \f = J2 J^mZt , with /, 11' i- log j l[ {e ai /, + 6„) j . 

By the fact that 6^ > for every a G i?+, if e is sufficiently small, the function /^ is 
a well-defined ii'-invariant function on F and it extends to a G-invariant function 
on Af , which we still denote by f^. Therefore, by Lemma FS.ir b). it follows that tpe 
coincides with the globally defined, two-form —dd'^fe for any e sufficiently small. 

From this we immediately get also that, for e small, the Ricci form p^ is coho- 
mologous to the two- form po G ci (M) given by 

Po= Pe--ipe^ Pe+ dd" fe , 
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whose algebraic representative on Frog is equal to 



iTTdet{fa,b) 






From (5.6)1 and (4.4) , wc may notice that 

JZ,(det(/a,fc)) 



47rdet(/„,fc) 



^l.diy{j7{Zr)). (5.8) 

Consider a basis (Wi, . . . , Wm) for t and a basis {Zi, . . . , Z^, ■ ■ ■ , Zn) of ^(t), which 
is S-orthonormal and extends the set {Zi, . . . , Zm); Let also {W* , . . . , W*J and 
{Z*, . . . , Z'^) be the corresponding dual bases of t* and }{i)* , respectively. We set 
C = [c*] to be the matrix defined by t{Zj) — J2i ^)^i ^i*^ c] = for j > m + f 
and observe that T*iW*) = J2T=i 4^1- Then, by (5.8), we get that on F 



„ ( v^ JZj{Aet{fa,b) ^ 
l^tt 4vrdet(/„,,) ''''' 



_y^ JZMet{fa,b)) 
4t 47rdet(/a.fc) ' 

3(t) ^ 



C-. . \ ,\ \- Z* = — Vdiv(JM/,)T*(W7) = T*^ip , (5.9) 



V- , Jiy^(det (/,,,)) 1 ^ 



where the last equality is meaningful whenever p is non-degenerate. Using Lemma 
13.11 fal and (4.4), we see that on Frog 

p„(jz„4) = jz, ('ll^^^^Ml] = p{j7{^i7{^)) (5.10) 

F,og y 47rdet(/a,6) J 

so that Po\tf = P- Moreover, in case p is non-degenerate, we also have 

Zl\F^Z^+T*pp. (5.11) 

Let us now prove the sufficiency of conditions in Theorem 1.1. Assume that 
(1.1) holds and that F is Fano with p > 0. We want to show that po > 0. Indeed, 
from (5.10) and the fact that the vector fields A, A G m, are po-orthogonal to 
TF at all points of the fiber, we have that po is positive if and only if the matrix 
(po(-Fq, JFfj) j is positive definite at every point of F = 7r^^(eA'). We now observe 

that the functions po{Fa, JFp) vanish if a 7^ /3, so that we are reduced to check 
that 

Po{Fc,,JF^)=ia{ZpJ>0 (5.12) 

for any a € R^ and at any point of the fiber F. From (5.11), this turns out to be 
equivalent to (1.1). 

Now, let us assume that ci(M) > and let pi G ci(M) be G-invariant and 
positive. Being pi cohomologous to po and by (5.10), we have on F 

pi(Zj, JZj)\f = po{Zi, JZ.j)\f + d(fcj){Zi, JZj)\f = 

= piHzT), j7{z~)) + dd' (^if ) {7{z^), jTiz^)) 

for some G-invariant function (p on M. From this it follows that Pi\tf is a positive 
2-form in ci (F) . 



12 FABIO PODESTA AND ANDREA SPIRO 

Now, let US assume p to be positive, so that the last equality in (5.9) is mean- 
ingful. Recall that, by Lemma |3. II fb). the algebraic representatives of pi and po, 
restricted to F, differ by a map Z^ so that Z^\p = — X^i J^i{^)Zi, for some K- 
invariant smooth function : F — > M. In particular, at the r'"-fixed points of F, 
the algebraic representatives of pi and po coincides. On the other hand, we note 
that Zpj^\p is the (— S)-dual of a moment map for the action of Z{K) on F w.r.t. 
PiItFi and therefore Zp-^{F) C 3(t) is a convex polytope with vertices given by 
Zpj(F^(^)); By the previous remark we see that Zp^{F) = Zp^{F). By the fact 
that for any a G R^ 

Pl{Xa,JXa)\F=iaiZp^\F) , 

we have that Zp,{F) = Zp^{F) c C and hence that Z^^{F) ^ z:^ + Ar,F C C^ . 



6. Examples 

1. The Hirzebruch surfaces Fn {n E N) exhaust all the homogeneous toric bundles 
M over flag manifolds when dime M = 2. The surface F„ can be realized as the 
homogeneous bundle SL(2,C) Xg.r CP^ over y = CP^ = SL(2,C)/B. Here B is 

the standard Borel subgroup of SL(2,C) given by S = I ( " ^i ) e SL(2,C) 



and T : B -^ C* is given by t( I „ _i I ) = a", where C* acts on CP^ by ^ h^ a^ 



^0 

for a e C* and C e C U {oo}. 

It is well known that Fn is Fano if and only if n = 0, 1 (see T). This property 
can be very rapidly established also by means of our Theorem ll.il In fact, using 
our notation and identifying ^(t) = i with R by means of the map K 9 x i— > 
diag(ia::, —ix) £ 5u(2), we have that Zy = ^^ and C = {x < 0} . Then, it is quite 
immediate to check that —B~^{A^£pi) — [—-^,i^], so that F„ is Fano if and 
only if -^ + [-^, ^]ci{x< 0}, i.e. n < 2. " 

2. Let us now assume that F = CP™ and that T™ is the standard maximal torus 
of SU(m + 1), so that (T™)^ coincides with the subgroup of diagonal matrixes in 
SL(m-t- 1, C). Let us also denote by C = [c^] the matrix with det C ^ with entries 
dj defined by r(Zi) — J2T=i ^i^j' where the Wj are the matrices in t defined by 

d f 1 
Wj = • diag(— J, . . . , mi , ■ ■ ■ , — «) G t C su{m + 1) . 

771+1 (j + l)-th place 

In this case, the canonical polytope A^ is the convex polytope with vertices 

ZTT ^ — ' ■' Zn 

So, condition (1.1) amounts to say that all the points P^ = Zy — ^ Y^Tj=i '^i^i 
and P^ = P;^ + i^ Y.%1 c'jZj, 1 < r < m, are in C^, or, equivalently,' that the 
points 

P„ = Zy - — V ciZ, , Pr = Po + —^ V^Z, , 1 < r < m , (6.2) 

ij=i i=i 
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are all in C. 

Let us now construct explicitly an homogeneous toric bundle with ci(M) > 
and fiber F = CP^. Consider the classical group G = S0(4n) with B{X,Y) = 
2(2n — 1) Tr(Xy); we denote by /i^, 1 < i < 2n, the elements of g = so(4n) given 
by hi ~ E2i.2i+i ~ E2i+i.2i, where Eij denotes the matrix whose unique non trivial 
entry is 1 and in position {i,j). Given Ji = X]i=i ^i ^^^ "^2 = 'I2i=n+i ^«' ^^ may 
consider the flag manifold G/K = Ad(G) • (Ji +2J2) = S0(4n)/U(n) x U(n). Using 
standard notations for the roots, we have that 

i?+ = {cji +u}j, I <i < j < 2n} U {cjj - cji, l<i<n<j< 2n} . 

We may consider Zi = — . ' and the homomorphism t : K ^ SU(3) with 

2\/n{2n—l) 

t\ki,s — e and T{Zi) ~ cjWj with d = — . ' Since Z2 G C, by (6.2) we have 

2Wn(2n—l) 

that the manifold M ^ G '^k.t CP^ is Fano if and only if 
1 1 3n 

Po = Zy - — V 4Z, = Zv- , ,^ , (^1 + Z2) = 

27r^ 27r ^4n(2n - 1) 



1 



/ 



87r(2n - 1) 
and 



2n 



\ 



J2 ih^ + hj)+ J2 ihj-h^)-3j2h^ 

l<i<j<27i l<i<n i—1 

\ n+l<i<2n / 



9n 






Pi=Po + Zi =Po + —— > /^^ 

2TTy/4n{2n-l) 87r(2n - 1) ^ 

are both in C. A direct inspection shows that this occurs if and only if n > 5. 
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